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The influence of polymer on the diffusion of a spherical tracer
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We analyze how the addition of a small number of polymer molecules influences the diffusion
constant of a spherical tracer, whose radius is small compared to the size of the polymer. We show
that the polymer chain can be regarded as a two-dimensional object which is an impenetrable
obstacle for the tracer. It is also shown that the diffusion constant of the tracer, in contrast to the
solution viscosity, is independent of chain length, depending only on the monomer concentration.
© 1999 American Institute of Physids$0021-960809)52437-9

The analysis in this note was stimulated by experimentain which a neutral spherical tracer diffuses in a solution con-
studies of the influence of the addition of polymer moleculestaining long polymer molecules. We will see that the poly-
on the conductance of ionic channéf§o analyze this influ-  mer chain can be regarded as a two-dimensional object, im-
ence it is desirable to first gain a clear understanding of howenetrable to the tracer. It will be shown that the diffusion
the addition of polymers changes ionic conductivity of bulk constant of the tracer behaves qualitatively like the conduc-
solutions. To gain insight into this problem in this note wetjyity. In contrast to the solution viscosity, it is independent
ask a simpler question: how does the presence of long polysf chain length, and depends only on monomer concentra-
mer molecules influence the motion of an uncharged spherijgy.
cal tracer diffusing in the solution? In studying the influence of added polymer on the diffu-

Many wfn_portark:t Ce"ﬁ'?r Luggltlons are cbontrolled by thZsion constant of the tracer, we assume that the polymer mol-
Fransportzo lons through lipi layer membranes surroundsy e js modeled as a Gaussian chain comprisad(ef1)
ing cells? lons in aqueous solution cannot cross poorly po-

) . ~ monomers(bead$ connected by bonds, each of which is of
larizable membranesinstead they pass through hydrophilic .
) . lengtha. Further, we model the tracer as a spherical ball of
pores of ion channels formed by membrane-spanning
. a9 . o adiusb, assumed to be much larger thmand much smaller
proteins:“ One of the most challenging topics in modern

molecular biology is that of determining the structure andthan the characteristic size of the polymer molecule which is

H 1/2 1/2
transport properties of hydrophilic pores as well as thethe rad'USRNocfiN :We thus hava<b<aN™ )
A most naive picture represents the polymer chain by a

mechanisms responsible for conformational transitions be- ) ) ) k
tween states of different ionic conductance. The use of€t OfN monomers which uniformly fill a sphere of radius

water-soluble polymers to study ion channels has recentiffn - From this picture one might conclude that the larger the
been suggested as a useful tool to estimate structural para$ize of the polymer chain, the easier it will be for the tracer
eters relevant to the properties of Chanﬁés_ to pass through the domain occupied by the chain. Indeed,
Experimental evidence shows that while the solution vis-Since the volume of the spheray, is proportional toN3?,
cosity depends on the chain length, the conductance depenti® concentration of monomers in the sphere is proportional
only on the concentration of monomeérain example of this  to N/vy<N~12, so that increasingl makes it easier for the
behavior given in Fig. 1 demonstrates a significant increas&racer to pass through the domain occupied by the chain. We
of solution viscosity due to the increase of chain length, unwill show that, in fact, the tracer cannot pass through a long
accompanied by a significant decrease in conductance.  chain without perturbing it since the chain covers a two-
To understand this seeming contradiction to traditionaldimensional surface which blocks tracer motion.
ideas, according to which the conductivity is inversely pro-  The pitfall in the preceding argument is that a picture of
portional to the viscosity, we consider a simplified problem¢pe polymer as a collection ®f monomers uniformly filling
a sphere of radiuRy appears only after averaging over all
dAlso at: Karpov Institute of Physical Chemistry, Ul. Vorontsovo Pole 10, chain configurations. This was first pointed out by K&hn.

, 103064, Moscow, K-64, Russia. _ _ _ Later this question was investigated in greater detail by Solc
)Also at: St. Petersburg Nuclear Physics Institute, Gatchina, 188350 .

Russia. and Stockmayérand later by Rudnick and Gasp&iRelated
9Electronic mail: ghw@helix.nih.gov studies were carried out by Rubin and MaZur.
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FIG. 1. The viscosityin centistokes®), and conductivity infmS/cmx10,
O) of 15 weight percent PEG solutions in 0.01 (slqueous KCI at room
temperature as a function of the molecular weight of the polymer.

To support our assertion that the domain occupied by a
polymer tends to block passage by the tracer, consider a
particular chain configuration. This can be visualized as a
curve,{R(s')}, wheres'is a parameter which takes values
between 0 ands. For a Gaussian chain this curve can be
considered as a Wiener trajectofR(s’)} wheres’ is a
“time” which varies between 0 and. The parametes is
related to the bond lengthand the number of monomers by

6Ds=Na?, )

where D is an effective diffusion constaft'! that deter-
mines the probabiity that the wrsjecory representing % & e Snten S o e e b - ety
polymer configuration is rea_hzed' 1, i.e,a=1, b=1 in the topppanel andb:(?.l in the b?)ttom pagel. 'Ighe
We next have to explain what we mean by the terMradius of gyration of this realization of the polymer molecule represented by
impenetrability. Let{r(t')} be a trajectory of the center of the random walk if;=3.15 which is equal to the most probable value of
the tracer diffusing in the space free of chains for a time Ry for N=100. The figures were produced using the Molscript program
where O<t’<t. Recalling thab is the tracer radius we will (R¢"15:
say that the tracer passes through the polymer provided that
[r(t")—R(s")|>b throughout the range of possible values of
t’ ands’. When this condition does not hold we will say that dence onb cannot be estimated in the case of a specific
the tracer that moves along the trajectdryt’)} does not configuration, the average of this quantity over all configu-
penetrate the polymer. rations has been found in Ref. 12 to be
In this picture a tube of radiuls centered on the curve 4
{R(s")} forms a domain forbidden to the center of the (V,({R(s")}))= 5 wb*+8b%\|nDs+4nDbs
! . . . 3
spherical tracefFig. 2). If different parts of this tube over-
lap, the domain occupied by the chain is impenetrable to the 4 2 3
tracer[Fig. 2 (top panel]. When such overlapping is negli- =§7Tb3+4 V3 ab?N+ > ma’bN.  (2)
gible [Fig. 2 (bottom panell, the tracer can traverse the do-
main. In that case the tube volumé,({R(s’)}),will be pro- ~ This formula is derived in the appendix, to make the paper
portional tob?. If this dependence is absent, the degree ofelf-contained.
overlap is significant which effectively blocks the passage. When N>(b/a)? the average volume calculated from
One can estimate the degree of overlap by analyzing thEQ. (2) is approximately given by
dependence of tube volum¥,({R(s')}), on the tracer ra- 2
diusb. Hence we are led to consider properties of the volume  (V,({R(s")}))~ §7Ta2b N. (©)]
swept out by a fictitious spherical particle of radinsthe
center of which moves along the trajectory corresponding t&hile this has been derived for the volume averaged over all
the polymer configuration,R(s’)}. possible realizations, we assume that it holds for the over-
Thus, to decide whether the tracer passes through thehelming majority of realizations as well. Since the aver-
polymer one has to evaluate the dependence of the volumeged volume is proportional toit may be interpreted as the
V,({R(s")}) on the radius of the traceln, While this depen- volume of a pancake object with a thickness proportional to




J. Chem. Phys., Vol. 111, No. 13, 1 October 1999 Influence of polymer on diffusion 5643

b and the area proportional téa? [Fig. 2 (top panel]. This  value in pure solvent),. Presumably the naive picture suf-
is the origin of our earlier statement that the chain denselyices to treat this case. At the same time, when the size of the

covers a two-dimensional surface. tracer is comparable with the chain size the diffusion coeffi-
The major point is that the average volume is propor-cient is inversely proportional to the solution viscosity.
tional to the first power ob rather than to its square. This In summary, our analysis of the influence of polymer

means that different parts of the tube overlap. As a consemolecules on the diffusive properties of a spherical tracer has
guence the chain is an impenetrable obstacle to passage bgown that the diffusion constant for the tracer is close to
the tracer. This may be considered as a consequence of thigat in pure solvent in spite of significant growth of solution
fact that a Gaussian chain is a curve with a fractal dimensioniscosity. To lowest order the correction to the diffusion con-
of 2, which means that it densely covers a two-dimensionastant is proportional to the first power of monomer concen-
manifold 3 Thus, a picture emerged from our considerationstration and is independent of chain length. Different models
of a tracer diffusing among impenetrable domains occupieaf the chain lead to different dependences of the effect on the
by polymers differs dramatically from one based on the naradius of the tracer. The present results have been derived
ive picture described earlier. using four major assumption&t) The tracer radius is much
Both pictures will be used to gauge the degree to whicHarger than the bond length and much smaller than the size of
the polymer impedes the diffusive motion of the tracer. Thisthe polymer molecule(2) The polymer molecules can be
allows us to see the resemblance and distinction betweespproximated as Gaussian chaif®.Chain dynamics can be
results predicted by the two models. We will assume that th@eglected(4) The volume fraction of the polymer is small.
density of obstacles is sufficiently small so that the tracein addition, we assume that the diffusion constant of the
motion is still diffusive. The presence of obstacles is takertracer is independent of its distance from the polymer.
into account by replacing the obstacle-free diffusion constant
of the tracer,Dy, by an effective diffusion constard .. ACKNOWLEDGMENTS
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) ) APPENDIX: DERIVATION OF EQ. (2)
where « is a constant which depends on the shape of the ) ] .
obstacles. The volumeV,({R(s")}) is defined by integral over an
In the naive picture which assumes that each monomer i§idicator function
an independent scatterer, the dependencgeaf the radiud

satisfiesycb3c,,, wherec,, is the concentration of mono- 1, min [r—=R(s")[<b
mers. When the polymer is treated as a Gaussian chain this Ip[r,{R(s")}]= O=s'<s (A1)
dependence changesioa?bc,,. This follows from Eq.(3) 0, otherwise

by multiplying the averaged volume by the concentration of

scatterersg,,,/N. By the same line of argument we find that Which is to say,

for a linear chainy<ab?c,,. The striking conclusion to these

pon5|derat|0ns is thg,&, and henc® .« depends oy, and is Vb({R(s’)})=f L[, {R(s")}]dr. (A2)
independent of chain length, regardless of which model of

the chain is used.

The fact thatD . is independent of chain length might Thus, to find the average of,({R(s")})with respect to all
seem to be surprising since the viscosity of the solution inWiener trajectories starting froiR(0), it is necessary to find
creases sharply with chain lendgthHowever, viscosity of the average ofy[r,{R(s")}].But this average is equal to the
the polymer solution is determined by the energy dissipatiorﬁraCtion of Wiener trajectories which have visited a spherical
on length scales much larger than those associated with ttfomain of radiush centered at at least once during the time
dissipation due to the tracer's motion. This heuristic arguS- The fraction indicated is equal to the probability that a
ment suggests whip .« should be insensitive to both chain diffusing particle, initially atR(0), has been trapped during a
length and solution viscosity and close By as well. This time interval equal t@ on the surface of an absorbing sphere
behavior is qualitatively similar to that of the conductivity Of radiusb centered at. This probability is known to bé
shown in Fig. 1. However, there is an obvious gap between , b Ir—R(0)|—b
the mobility of ions, and therefore the conductivity, and the(l,[r,{R(s")}])= T —R(0)] erfc{ JaDs ] (A3)

diffusion of the neutral spherical tracer analyzed in the
for |[r—R(0)|>b. An integral over of this function leads to

present report.
An aspect to be emphasized is that we have discussed e result in Eq(2)

intermediate regime in which the tracer radius is large com-
pared to the bondKuhn) length but small compared to the o ik sabi ) o ik and
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